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a b s t r a c t
In this paper, we prove that the operations⊕ and	 of effect algebras are continuous with
respect to their ideal topology, and if the effect algebras are lattice effect algebras, then
under some conditions, the lattice operations ∨ and ∧ are also continuous with respect to
their ideal topology.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In 1936, Birkhoff and Von Neumann introduced the famous closed subspace lattice L(H) of a separable infinite-
dimensional Hilbert spaceH as a quantum logic structure, to describe the quantum mechanical system entity [1]. In 1994,
Foulis and Bennett introduced the following algebraic system (E,⊕, 0, 1) to model unsharp quantum logics and called it
the effect algebra [2]:
Let E be a set with two special elements 0, 1, ⊥ be a subset of E × E. If (a, b) ∈ ⊥, denote a⊥b. Let ⊕ : ⊥ → E be a
partial binary operation, and the following axioms hold:
(E1) (Commutative Law) If a, b ∈ E and a⊥b, then b⊥a and a⊕ b = b⊕ a.
(E2) (Associative Law) If a, b, c ∈ E, a⊥b and (a⊕ b)⊥c , then b⊥c, a⊥(b⊕ c) and (a⊕ b)⊕ c = a⊕ (b⊕ c).
(E3) (Orthocomplementation Law) For each a ∈ E there exists a unique b ∈ E such that a⊥b and a⊕ b = 1.
(E4) (Zero-Unit Law) If a ∈ E and 1⊥a, then a = 0.
Let (E,⊕, 0, 1) be an effect algebra. If a, b ∈ E and a ⊕ b is defined, then we say that a and b is orthogonal. If a ∈ E, n
is a positive integer and ai := a for i = 1, 2, . . . , n, we say that na is defined iff ⊕ni=1 ai exists in E, in this case we define
na = ⊕ni=1 ai. The element a is isotropic iff a⊕a is defined, that is, iff 2a is defined. If na is defined, but (n+1)a is not defined,
we say that n is the isotropic index of a. If na is defined for all positive integers n, we say that a has infinite isotropic index.
If a⊕ b = 1 we say that b is the orthocomplement of a, and we write b = a′. Clearly 1′ = 0, (a′)′ = a, a⊥0 and a⊕ 0 = a
for all a ∈ E.
It is well-known that the relation≤ defined by a ≤ b if there exists c ∈ E such that a⊕ c = b is a partial ordering on E. If
≤ is a total ordering then (E,⊕, 0, 1) is said to be a scale effect algebra [3]. Bennett and Foulis showed that there are many
scale effect algebras in which there exist elements with infinite isotropic indices [3, Theorem 7.2]. If a ≤ b and e ∈ E such
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that a⊕ e = b, we write e = b	 a and	 is called the difference operation. Thus each effect algebra is a partially ordered set
and has two partial operations⊕ and	.
As we knew, studying the continuity of⊕ and	 is an interesting and important topic, for example,Wu and Qu discussed
their ordered topology and interval topology continuity in [4,5], respectively. Recently,Ma andWu and Lu defined their ideal
topology and showed only that their one variable operations are continuous with respect to this topology [6]. If, in addition,
the effect algebra is a lattice effect algebra, then the question of whether its lattice operations ∨ and ∧ are continuous
remained open. In this paper, we correct the definition of the ideal topology of effect algebras and study these questions.
2. Ideal topology of effect algebras
A nonempty subset I of (E,⊥,⊕, 0, 1) is said to be an ideal of (E,⊥,⊕, 0, 1) if the following conditions are satisfied [7]:
(I1) If x ∈ I , y ∈ E, y ≤ x imply y ∈ I .
(I2) If x	 y ∈ I, y ∈ I imply x ∈ I .
If the ideal I of (E,⊥,⊕, 0, 1) is a totally ordered set, then I is said to be a totally ordered ideal of (E,⊥,⊕, 0, 1).
For each ideal I of (E,⊥,⊕, 0, 1), denote
UI = {(x, y) : (x, y) ∈ E × E and x	 y ∈ I or y	 x ∈ I}.
If U ⊆ E × E, y ∈ E, denote U[y] = {x : (y, x) ∈ U}, and denote∆ = {(x, x)|x ∈ E}.
A uniformity on a set E is a non-empty family K of subsets of E × E such that the following conditions are satisfied:
(U1)∆ ⊆ U for each U ∈ K .
(U2) If U ∈ K , then U−1 ∈ K . Here U−1 = {(y, x) : (x, y) ∈ U}.
(U3) If U ∈ K , then there exists a V ∈ K such that V ◦ V ⊆ U . Here V ◦ V = {(x, z) : there exists y ∈ E such that (x, y) ∈
V and (y, z) ∈ V }.
(U4) If U, V ∈ K , then U ∩ V ∈ K .
(U5) If U ∈ K and U ⊆ V ⊆ E × E, then V ∈ K .
In [6], Ma and Wu and Lu proved the following:
Lemma 1 ([6]). Let I and J be ideals of effect algebra (E,⊥,⊕, 0, 1). Then:
(1) ∆ = U{0}, where {0}means the zero ideal {0} of (E,⊥,⊕, 0, 1).
(2) I ⊆ J implies UI ⊆ UJ .
(3) UI = U−1I .
(4) UI ∩ UJ = UI∩J .
(5) UI ∪ UJ ⊆ UI ◦ UJ .
(6) If I is a totally ordered ideal, then UI ◦ UI = UI .
Lemma 1 told us that for some effect algebras, we can obtain a uniformity on it.
Definition 1. Let (E,⊥,⊕, 0, 1) be an effect algebra. If (E,⊥,⊕, 0, 1) has a family I of totally ordered nonzero ideals such
that when I1, I2, . . . , In ∈ I, ∩ni=1 Ii ∈ I, then (E,⊥,⊕, 0, 1) is said to have the finite intersection ideal family.
Example 1. Let (E,⊥,⊕, 0, 1) be a scale effect algebra. Then the family of all its nonzero ideals is a finite intersection ideal
family. Moreover, if (E,⊕, 0, 1) contains an element awith infinite isotropic index, then I = {x ∈ E : there exists a positive
integer n such that x ≤ na} is a totally ordered ideal of (E,⊥,⊕, 0, 1) and I 6= E.
Example 1 showed that there exist a great number of effect algebras which have the finite intersection ideal family.
It follows from Lemma 1 that if an effect algebra has a finite intersection ideal family I, then I can induce a uniformity
on it. That is:
Lemma 2. Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I, and K0 = {UI : I ∈ I}. Then
K = {V ⊆ E × E : ∃UI ∈ K0,UI ⊆ V }.
is a uniformity of the effect algebra (E,⊥,⊕, 0, 1), and T = {UI [x] : I ∈ I, x ∈ E} is a base for the topology τ on (E,⊥,⊕, 0, 1)
which is induced by the uniformity K .
The topology τ in Lemma 2 is said to be the ideal topology of effect algebra (E,⊥,⊕, 0, 1).
Remark 1. In [6] Iwas the family of all totally ordered ideals of effect algebra (E,⊕, 0, 1). Note that I = {0} is also a totally
ordered ideal and the corresponding ideal topology is discrete. The use of the finite intersection ideal family corrected this
negligence.
Moreover, we can correct and restate the one variable operation continuity results in [6] as following:
Lemma 3 ([6]). Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the net {aα}α∈Λ of
(E,⊥,⊕, 0, 1) is τ convergent to a point a of (E,⊥,⊕, 0, 1), and aα ≤ b′ for all α ∈ Λ and a ≤ b′, then {aα ⊕ b}α∈Λ is
τ convergent to a⊕ b.
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Lemma 4 ([6]). Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the net {aα}α∈Λ of
(E,⊥,⊕, 0, 1) is τ convergent to a point a of (E,⊥,⊕, 0, 1), and aα ≤ b for all α ∈ Λ and a ≤ b, then {b 	 aα}α∈Λ is τ
convergent to b	 a.
Lemma 5 ([6]). Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the net {aα}α∈Λ of
(E,⊥,⊕, 0, 1) is τ convergent to a point a of (E,⊥,⊕, 0, 1), and b ≤ aα for all α ∈ Λ and b ≤ a, then {aα 	 b}α∈Λ is τ
convergent to a	 b.
3. Main results and proofs
Now, we prove that the operations⊕ and	 of effect algebras with the finite intersection ideal family I are continuous
with respect to its ideal topology, that is:
Theorem 1. Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the nets {aα}α∈Λ and {bα}α∈Λ of
(E,⊥,⊕, 0, 1) are τ convergent to a and b, respectively, and aα ≤ b′α for all α ∈ Λ and a ≤ b′, then {aα ⊕ bα} is τ convergent
to a⊕ b.
Proof. Let I ∈ I. Note that {aα}α∈Λ is τ convergent to a, {bα}α∈Λ is τ convergent to b, so there exists an α0 ∈ Λ such that
for each α ≥ α0, aα 	 a ∈ I or a	 aα ∈ I; bα 	 b ∈ I or b	 bα ∈ I .
Thus, for each α ≥ α0, there are four possible cases:
(i) aα 	 a ∈ I , bα 	 b ∈ I . In this case, we have
aα ⊕ bα 	 (a ⊕ b) = (aα 	 a) ⊕ (bα 	 b), it follows from aα 	 a ∈ I , bα 	 b ∈ I and the definition of the ideal that
aα ⊕ bα 	 (a⊕ b) ∈ I .
(ii) Since I is a totally ordered ideal we have aα 	 a ≤ b 	 bα or b 	 bα ≤ aα 	 a. If aα 	 a ≤ b 	 bα , then
(b	 bα)	 (aα 	 a) = (a⊕ b)	 (aα ⊕ bα) ≤ (b	 bα), and it follows from b	 bα ∈ I and the definition of the ideal that
(a⊕ b)	 (aα⊕ bα) = (b	 bα)	 (aα	 a) ∈ I; if b	 bα ≤ aα	 a, then (aα	 a)	 (b	 bα) = aα⊕ bα	 (a⊕ b) ≤ (aα	 a),
and it follows from (aα 	 a) ∈ I and I is an ideal again that aα ⊕ bα 	 (a⊕ b) ∈ I , too.
(iii) a	 aα ∈ I , bα 	 b ∈ I . In this case, the proof is as (ii).
(iv) a	 aα ∈ I , b	 bα ∈ I . In this case, the proof is as (i).
Thus, we have proved that when α ≥ α0, aα ⊕ bα ∈ UI(a⊕ b) and the theorem is proved. 
Theorem 2. Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the nets {aα}α∈Λ and {bα}α∈Λ of
(E,⊥,⊕, 0, 1) are τ convergent to a and b, respectively, and aα ≤ bα for all α ∈ Λ and a ≤ b, then {bα	aα}α∈Λ is τ convergent
to b	 a.
Proof. Let I ∈ I. Since {aα}α∈Λ is τ convergent to a, {bα}α∈Λ is τ convergent to b, so there exists an α0 such that for each
α ≥ α0, aα 	 a ∈ I or a	 aα ∈ I; bα 	 b ∈ I or b	 bα ∈ I .
Thus, for each α ≥ α0, there are four possible cases:
(i) aα 	 a ∈ I , bα 	 b ∈ I . In this case, if aα 	 a ≤ bα 	 b, then (bα 	 aα)	 (b	 a) = (bα 	 b)	 (aα 	 a) ≤ bα 	 b.
It follows from bα 	 b ∈ I and I is an ideal that (bα 	 aα) 	 (b 	 a) ∈ I . Similarly, if bα 	 b ≤ aα 	 a, then
(aα 	 a)	 (bα 	 b) = (b	 a)	 (bα 	 aα) ∈ I , too.
(ii) If aα 	 a ∈ I , b	 bα ∈ I , then (b	 a)	 (bα 	 aα) = (aα 	 a)⊕ (b	 bα), and it follows from aα 	 a ∈ I , b	 bα ∈ I
and I is an ideal that (b	 a)	 (bα 	 aα) ∈ I .
(iii) If a	 aα ∈ I , bα 	 b ∈ I , then (bα 	 aα)	 (b	 a) = (a	 aα)⊕ (bα 	 b), and it follows from a	 aα ∈ I , bα 	 b ∈ I
and I is an ideal that (bα 	 aα)	 (b	 a) ∈ I .
(iv) If a	 aα ∈ I , b	 bα ∈ I , the proof is as (i).
Thus, when α ≥ α0, bα 	 aα ∈ UI(b	 a). This theorem is proved. 
Now, we present an application of Theorem 2. At first, we need the following:
Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I, F = {ai : 1 ≤ i ≤ n} be a finite
subset of (E,⊥,⊕, 0, 1). If a1⊥a2, (a1⊕ a2)⊥a3, . . . and (a1⊕ a2 · · ·⊕ an−1)⊥an, we say that F is orthogonal and we define
⊕F = a1⊕a2 · · ·⊕an = (a1⊕· · ·⊕an−1)⊕an (by the commutative and associative laws, this sum does not depend on any
permutation of elements). Let A be an arbitrary subset of (E,⊥,⊕, 0, 1) and F (A) be the family of all finite subsets of A.
We say that A is orthogonal if F is orthogonal for each F ∈ F (A). If A is orthogonal and the net {⊕F}F∈F is an ideal topology
τ convergent to a, then a is said to be the ideal topology sum of A.
Corollary 1. Let (E,⊥,⊕, 0, 1) be an effect algebra with the finite intersection ideal family I. If the ideal topology sum of
A = {ak}k∈N exists, then {an}n∈N is τ convergent to 0.
4. Lattice operation continuity of effect algebras
When the effect algebra is a lattice effect algebra, we now answer partly its lattice operation continuity questions, that
is:
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Theorem 3. Let (E,⊥,⊕, 0, 1) be a lattice effect algebrawith the finite intersection ideal family I and let τ be the corresponding
ideal topology. Let the nets {aα}α∈Λ and {bα}α∈Λ of (E,⊥,⊕, 0, 1) be τ convergent to a. Then:
(1) {aα ∧ bα}α∈Λ is τ convergent to a.
(2) {aα ∨ bα}α∈Λ is τ convergent to a.
(3) If a ≤ b, then {aα ∧ b}α∈Λ is τ convergent to a.
(4) If b ≤ a, then {aα ∨ b}α∈Λ is τ convergent to a.
Proof. We only prove (1). Let I ∈ I. Note that {aα}α∈Λ and {bα}α∈Λ are τ convergent to a, so there exists an α0 ∈ Λ such
that for each α ≥ α0, aα 	 a ∈ I or a	 aα ∈ I; bα 	 a ∈ I or a	 bα ∈ I .
Thus, for each α ≥ α0, there are four possible cases:
(i) aα 	 a ∈ I , bα 	 a ∈ I . In this case, we have
(aα∧bα)	a = (aα	a)∧(bα	a), it follows from aα	a ∈ I , bα	a ∈ I and the definition of the ideal that (aα∧bα)	a ∈ I .
(ii) aα 	 a ∈ I , a	 bα ∈ I . Thus, a ≤ aα , bα ≤ a and (aα ∧ bα) = bα . So, a	 (aα ∧ bα) = a	 bα ∈ I .
(iii) a	 aα ∈ I , bα 	 a ∈ I . In this case, the proof is as (ii).
(iv) a 	 aα ∈ I , a 	 bα ∈ I . In this case, a 	 (aα ∧ bα) = (a 	 aα) ∨ (a 	 bα), it follows from the fact that I is a totally
ordered ideal of (E,⊥,⊕, 0, 1) that a	aα ≤ a	bα or a	bα ≤ a	aα , so a	(aα∧bα) = (a	aα) or a	(aα∧bα) = a	bα ,
and it follows from a	 aα ∈ I and a	 bα ∈ I that a	 (aα ∧ bα) ∈ I .
Thus, we have proved that when α ≥ α0, aα ∧ bα ∈ UI [a]. The theorem is proved. 
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